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Intersecting Brane Worlds in type ITA string theory, consisting of D6 branes wrapping

Ry x Ty x Ty x T, have proven popular for constructing toy models with many attractive
features (see e.g. [ll-[q] or [L1] for a review). One of the interesting features of these



Figure 1: An annulus contribution to 3 point functions.

models is that, unlike heterotic orbifolds, wrapping D-branes leads to a number of geo-
metric moduli that can be easily adjusted in order to set gauge couplings. In addition the
localization of matter fields at D-brane intersections may have implications for a number of
phenomenological questions, most notably Yukawa coupling hierarchies [[J]. Indeed these
can be understood by having the matter fields in the coupling located at different intersec-
tions, with the resulting coupling being suppressed by the classical world-sheet instanton
action (the minimal world-sheet area in other words). This is appealing because it suggests
a possible geometric explanation of Yukawa hierarchies in terms of compactification geom-
etry. This realization led to subsequent work to examine tree-level couplings in greater
detail [[LJ—[L6]. For the Yukawa couplings exact calculations have confirmed that the nor-
malization (roughly speaking the quantum prefactor in the amplitude) can be attributed
to the Kéhler potential of matter fields, with the coupling in the supergravity basis being
essentially unity (or zero).

Currently the Kéahler potential in chiral matter superfields is known to only quadratic
terms and only at tree level [[[7, [[§] (one loop corrections to the moduli sectors of Kihler
potentials in IIB models have been calculated in [L]). For a multitude of phenomenological
reasons it is something we would like to understand better, especially its quantum correc-
tions. In this paper we go a step further in this direction with an analysis of interactions
of chiral matter fields at one-loop.

Figure [l shows the physical principle of calculating a one-loop annulus for the example
of a 3 point coupling, discussed in ref. [R(]. Take a string stretched between two branes as
shown and keep one end (B) fixed on a particular brane, whilst the opposing end (A) sweeps
out a triangle (or an N-sided polygon for N-point functions). Chiral states are deposited
at each vertex as the endpoint A switches from one brane to the next. As the branes are at
angles and hence the open string endpoints free to move in different directions, the states
have “twisted” boundary conditions, reflected in the vertex operators by the inclusion of
so-called twist operators. Working out the CFT of these objects is usually the most arduous
part of calculations on intersecting branes. The corresponding worldsheet diagram is then
the annulus with 3 (V) vertex operators. In the presence of orientifolds there will be
Mobius strip diagrams as well. There is no constraint on the relative positioning of the B
brane (although the usual rule that the action goes as the square of the brane separation
will continue to be obeyed), and it may be one of the other branes. (The case that brane
B is at angles to the three other branes was not previously possible to calculate: we shall
treat it in detail in this paper.)



Finding the Kahler potential means extracting two point functions, but because the
theory is defined on-shell we have to take an indirect approach; complete answers can be
obtained only by factorising down from at least 4 point functions. To do this we first develop
the general formalism for N-point functions in full. However it would be extremely tedious
if we had to factorise down the full amplitude including the classical instanton action for
every N-point diagram. Fortunately the OPE rules for the chiral states at intersections
allow a short cut: first we use the fact that the superpotential is protected by the non-
renormalization theorem which has a stringy incarnation derived explicitly in [@] In
supersymmetric theories, the interesting diagrams are therefore the field renormalization
diagrams which we can get in the field theory limit where two vertices come together. A
consistent procedure therefore is to use the OPE rules to factor pairs of external states onto
a single state times the appropriate tree-level Yukawa coupling. In this way one extracts
the off-shell two-point function.

This procedure allows us to consider various aspects of one-loop processes. For ex-
ample, in N = 1 supergravity the non-renormalization theorem does not protect the
Kéhler potential, and only particular forms of Ké&hler potential (essentially those with
log det(K;;) = 0 where Kj; is the Kéhler metric) do not have quadratic divergences at one-
loop order and higher (for a recent discussion see [R3]). It is natural to wonder therefore how
string theory ensures that such divergences are absent. Here we show that the conditions
for cancellation of the divergences is identical to the Ramond-Ramond tadpole cancella-
tion condition (essentially because in performing the calculation one factors down onto the
twisted partition function). (At the level of the effective field theory there are two well
known forms of tree-level Kahler metric that are consistent with the one-loop cancellation
of divergences, the “Heisenberg” logarithmic form, and the “canonical” quadratic form).
As a second application, we consider the subsequent determination of field renormalization;
we find agreement with the power law running that one deduces from the effective field
theory. However we also see that as we approach the string scale the power law running
dies away as the string theory tames the UV divergences.

2. One-loop scalar propagator

2.1 Four-point amplitudes

String theory is defined only on-shell, so in order to calculate the energy dependence of
physical couplings we must calculate physical diagrams and probe their behaviour as the
external momenta are varied. To obtain the running of Yukawa couplings in intersecting
brane models, we should in principle consider the full four-point amplitudes, since they are
the simplest diagrams with non-trivial Mandelstam variables. However here we shall take
the more efficient approach outlined in the introduction: due to the existence of a consis-
tent off-shell extension of these amplitudes, it is possible to calculate three-point diagrams
to obtain the Yukawa couplings. This was done in ref. [R1]] for the amplitude in certain
limits (albeit with some inevitable ambiguities). There it was shown that for supersym-
metric amplitudes the nonrenormalization theorem held as expected, and the low-energy



behaviour is entirely dominated by the renormalization of propagators. The latter can be
consistently calculated in full by factorising down from the full four-point functions, and
this is what we shall do here.

We shall focus on four-fermion amplitudes, since they factorise onto the lower-vertex
amplitudes of interest — the Yukawa renormalisation amplitude and the two scalar ampli-
tude. In intersecting brane models, the allowed amplitudes are constrained by the necessity
of the total boundary rotation being an integer; supersymmetry then dictates the allowed
chirality of the vertex operators via the GSO projection. In the case of N = 1 super-
symmetry, the requirement of integer rotation results in two pairs of opposite chirality
fermions being required. In the case of N = 2 or 4 supersymmetry, we are also allowed to
have four fermions of the same chirality. The correlator for the non-compact dimensions
in the case of N = 1 supersymmetry was calculated in ref. , in order to legitimise
their calculations on orbifolds. We have checked that the N = 2-relevant amplitude gives
the same limit upon factorisation. Thus, we can simply use their result to justify using
the OPE behaviour of the vertex operators in order to obtain the low-energy limit of the
four-point function, and we can proceed with the calculation of the scalar propagator to
obtain the corrections to the Yukawa couplings. In the next subsection we outline some of
the technology required, and in the ensuing subsections we extract the information about

the running of the couplings.

2.2 Vertex operators

To begin, we review the technology, assembled in ref. 1], for the calculation of loop
amplitudes involving massless chiral superfields. The appropriate vertex operator to use
for incoming states at an intersection depends on the angles in each subtorus. There
are several possible conditions for supersymmetry (we will focus on N=1 supersymmetric
models) of which we will use the most straightforward: for intersection angles 6% (where
x runs over the complex compact dimensions 1 to 3) we have >, 6% = 1 or 2. We have
two possible conditions because each intersection supports one chiral and one antichiral
superfield, with complimentary angles. With this condition the GSO projection correlates
the chirality of the fermions with that of the rotation, and we obtain vertex operators as

in [13:

Vf‘{b)(k,eﬁ,z) _ \(ab),—¢ szH W9~ H" (ab (2) (2.1)
V(O{%(U k0%, 2) = )\(ab)e—guagdeik.x H e¢(9~_1/z)ma(§ib)(z)
k=1
for >, 6% =1, and for the “antiparticle”:
VD (k1 — 0%, 2) = A@)e kXH 0 () () (2.2)
Vg%(u, k,1—0%2) = )\(“b)e_%uﬁSﬁeik'X H e_i(gﬁ_l/Q)Hﬁaﬁbgﬁ (2)

k=1



The worldsheet fermions have been written in bosonised form, where the coefficient « in
e!H ghall be referred to as the “H-charge”. The spacetime Weyl spinor fields are the
left-handed S, = 3 (Ho—H1) apd right handed Sg = 3 (Ho+H1)  The operators O'éab) are
boundary-changing operators (here between branes a and b), whose properties are discussed
in appendix [4.

@) is the appropriate Chan-Paton factor for the vertex. We shall not require the
specific properties of these, but in the amplitudes we consider they are accompanied by
model-dependent matrices v which encode the orientifold projections. These matrices
have been described for many models (e.g. [[l, B4, ], but we will only need the results
given in [@] for Zy or Zpy x Zjy orientifolds:

M = 1n,
tr’VgN/z = thM/z = tr'YgN/sz/z =0
QROM!

('YQRék,la)*'YgR@k,l = Paréri 1N, (2.3)

where 0F is a Zn twist, OF is also present in Zy X Zys, and Porar = E1. k(l) runs from

0to N—1 (M —1) for 6% (&), where ° = &° = 1. In the last expression we have

used the notation OF! = ékdjl, and so for example in the Zy X Zso orientifold we have

POROLO = Poréor = Poréta = —1 and pgpaoo = 1. The massless four-fermion amplitude
that we shall consider is given by

o 4
0 i=1

ca « a o a” & a”c &
<V+(1/)2(U447 k4, 24)V,(11;)2(U1 'k, Zl)V,(bl/Q) (us?, ko, ZQ)VL/Q) (ug®,k3,23))cc  (2.4)

where brane all is parallel to brane a (or a itself in the simplest case).

2.3 Field theory behaviour

The behaviour of the amplitude in the field-theory limit is found by considering the mo-
menta to be small. When we do this we find that, due to the OPEs of the vertex operators,
the amplitude is dominated by poles where the operators are contracted together to leave
a scalar propagator. From the previous section and the results of appendix [A], we find that
two fermion vertices factorise as

)

_1/2(ud2a k?g, 11— VH, ZQ)V(dC) (udg, k3a ) 1- )\n’ Z3)

+1/2
/ v AR c)l—uvh —\F
~ ('LL2'LL3)(22 — Z3)2a kQ'k?’_zn ; ‘/O(kQ + k‘3, 22)90 H Cl(/l,)icf)\),} A (25)

for >, v® = > A" =1, and C’l(lidc),jfyﬁfﬁ are the OPE coefficients, given in equation
(A.19). The calculation involves a factorisation of the tree-level four-point function on first
the gauge exchange and then the Higgs exchange, and a comparison with the field theory

result [[(3].



Figure 2: Feynman diagrams in the field theory equivalent to our limit; we have factorised onto
the scalar propagator, and consider only gauge and self-couplings.

Note that for consistency the classical instanton contribution should be included in the
OPE coefficients as well as the quantum part. This means that as we go on to consider
higher order loop diagrams the tree-level Yukawa couplings (including classical contribu-
tions) should appear in the relevant field theory limits. In the factorisation limit these
two fermions yield the required pole of order one around zs; we will obtain a similar pole
for the other two fermion vertices. If we were to then integrate the amplitude over z3 we
would obtain a propagator m preceding a three-point amplitude, and performing the

integration over zy4, say, we would obtain another propagator 5 kll- T (= 507 k12_ T ), and have
reduced the amplitude to a two-scalar amplitude.

In this manner the four-point function can be factorised onto the two point function
and reduces to

1 1

— Y(cab)y(ba”c)
Ay A(a)2(ky - k) (kg - kg)(U1U4)(u2u3)

B (e’ it
GCbCCCb/O dt/O dq<‘/06b(k’95,0)‘/0b6(_k,1 - Hﬁ’q»cc (26)

plus permutations. The factors Y (¢®) and Yy ®a'e) are defined in the appendix (A.2() —
they are the Yukawa couplings, derived entirely from tree-level correlators in the desired
basis. GCCeb is the inverse of the Kihler metric Ge,.c,, for the chiral fields Cp. in the
chosen basis; note that we do not require its specific form, which was calculated in [L7, [L§].
Thus we have reproduced the two Yukawa vertices in the field-theory diagrams (figure ),
coupled with a propagator which contains the interesting information about the running of
the coupling. Note that if we had taken the limit z; — 25, z4 — 23 then we would factorise
onto a gauge propagator.
In the field theory the tree-level equivalent would have magnitude

1 _
A} = (urug)(ugus) y (cab)y (balle) GCoeCet (2.7)
2kq - ky
while the one-loop diagram yields
1 _
AL = (ugug) (ugus) = II(w) Y (€al)y (bale) (GChcCer 2 (2.8)

u?
where we put u = 2k; - k4 as the usual Mandelstam variable, and II(u) is the one-loop

scalar propagator which we have yet to calculate (n.b. Il(u) ~ G¢, &, ). Thus if we want
the renormalised Yukawa couplings in some basis (for example the basis where the fields



are canonically normalised), we simply set al = a and write
1 —
(Y'Igcab))2 = (Yo(cab))z(l + —I(u) G > + permutations) (2.9)
U

where “permutations” accounts for the equivalent factors coming from the renormalisations
of the fermion legs. Alternatively (and more precisely) since the superpotential receives no
loop corrections, the above can be considered as a renormalisation of the Kéhler potential

1 _
G Rcrca = Gopo, 1+ ) GECer) (2.10)

2.4 The scalar propagator

The object that remains to be calculated is of course the scalar propagator II(u) itself,
which we can get from the following one-loop amplitude:

T(k?) = / dt/ dg(VEe (k, 0%, 0) VP (=K, 1 — 6%, q)) (2.11)

which represents wave-function renormalisation of the scalars in the theory since as we
have seen four-point chiral fermion amplitudes will always factorise onto scalar two-point
functions in the field-theory limit. We fix both vertices to the same boundary along the
imaginary axis, and one of these we can choose to be at zero by conformal gauge-fixing.
For the present, we shall specialise to the following amplitude

A / dt/ dq(ViEb (e, 0%, 0) Vi (—k, 1 — 6%, ). (2.12)

where the world sheet geometry is an annulus, and where one string end is always fixed to
brane all, and the other is for some portion of the cycle on brane a. In the latter region the
propagating open string has untwisted boundary conditions so that in these diagrams the
loop contains intermediate gauge bosons/gauginos. It is therefore these diagrams that will
give Kaluza-Klein (KK) mode contributions to the beta functions and power law running.
The alternative (where the states never have untwisted boundary conditions) corresponds
to only chiral matter fields in the loops, is harder to calculate and will be treated later and
in appendix C.

We have allowed the fixed end of the string to be on a brane parallel to brane a (rather
than just a itself), separated by a perpendicular distance y* in each sub-torus. Diagrams
where y" # 0 correspond to heavy stretched modes propagating in the loop and would in
any case be extremely suppressed, but for the sake of generality we will retain y”.

The diagram we are concentrating on here is present for any intersecting brane model,
but in general II(k?) receives contributions from other diagrams as well. For orientifolds,
the full expression is

ZA% Z ( QRek g+ Mz%izek lb) (2.13)



(ab)
where M 0. QRO

technlques described in appendix [B], we find the amplitude

A = / dt / dgASY) (.t (2.14)

is a Mobius strip contribution, which we shall discuss later. Using the

where

—204/192
Aga(tz)) = 2a'g§k2tr(7“)tr(>\(“b)A(b“))(8w2a’t)—2 |:91(Q) 6_% g(q))2:|

4
0 —0x K Kk —1/2
Z:: qHa 0,(6%q)(L*T")

n 27K K (nk 2K
ZZexp[—%]exp[—%] (2.15)

where the notation is as follows. The §, = {1,—1,1,—1} are the usual coefficients for the
spin-structure sum. The 6, are the standard Jacobi theta functions (see appendix D) with
modular parameter it as on the worldsheet (so that we denote 6,(z) = 0,(z,it) as usual).
D% and D' are the lengths of one-cycles, determined in the appendix to be

1
D% (nfy) = —\/En’”g Ly
Ar2TY

Diy(nfg) = npv2="
a

+y" (2.16)

where L} is the wrapping cycle length of brane a in sub-torus , and 7% is the Kahler
modulus for the sub-torus, given by R} RS sina”, R} and R5 are the radii of the torus, o
is the tilting parameter, and generally

Ly = 27T\/(’I’L'2R"f)2 + (mERE)? + 2nfmf RY RS cos a.

N, are normalisation factors that we will determine in the next subsection. Finally the
classical (instanton) sum depends on two functions L* and T"

N

L"(q,6%) :/ dzwi(2)

[N

N[

T%(q,6%) = / O dewn(2) (2.17)

1 N
§+zt

B 01(2) o1 01(z — 0%q)
N Creer) M e 219

and where the contour for L” is understood to pass under the branch cut between 0 and

where

q. Note that this contrasts with the four independent functions that we might expect from
the equivalent closed string orbifold calculation.



2.5 Factorisation on partition function

The normalisation factors for the amplitude N, must still be determined by factorising
on the partition function (i.e. bringing the remaining two vertices together to eliminate
the branch cuts entirely) and using the OPE coefficients of the various CFTs. We should

obtain

3
ab - a a . aba)0
ASY) ~ g7 R0 K2 g2 (v )t (AAGD) Zo4 (i) T sl (2.19)
for >, 6% < 1, where g, is the open string coupling, Cézbf)oem is the OPE coefficient of

the boundary-changing operators determined in appendix [A] and Z,,(it) is the partition
function for brane a. It is given by

4 3
Zaa(it) = (87%a't) Pn(it) "> " 6,0500) [ 25 (2.20)
v=1

k=1

where

Z5(t, Ty, LE) = Y exp

K K
]

[—87730/t . iT5s ‘2] (2.21)

r
mr "t
is the bosonic sum over winding and kaluza-klein modes. The factorisation occurs for

q — 0, when L* — 1 and T" — it, giving

(]

d/
N, = = (2n)(V2) 3+ (H Mo)zg) n%(it)Ge 6. (2.22)
=1

a g,

3. Divergences

With our normalised amplitude, we are finally able to probe its behaviour. The important
limits are ¢ — 0 and ¢ — it where there are poles; in the former case the pole is cancelled
because of the underlying N = 4 structure of the gauge sector, but in the latter it is not,
and it dominates the amplitude. We should comment here about a subtlety with these
calculations which does not apply for many other string amplitudes: due to the branch
cuts on the worldsheet, the amplitude is not periodic on ¢ — ¢ + it. This causes the usual
prescription of averaging over the positions of fixed vertices to give a symmetric expression
to break down (this was an ambiguity in [RI]): the gauge-fixing procedure asserts that
one vertex must be fixed, which, to remain invariant as ¢ changes, is placed at zero. The
non-periodic nature of the amplitude is entirely expected from the boundary conformal
field theory perspective: due to the existence of a non-trivial homological cycle on the
worldsheet, we have two OPEs for the boundary changing operators, depending on how
(i.e. whether) we combine the operators to eliminate one boundary. We have already
used the expected behaviour in the limit ¢ — 0 to normalise the amplitude, but ¢ — it
yields new information, namely the partition function for string stretched between different
branes: in this limit we obtain

3
Aé‘EZ)) (Zt _ q)—1—ZN GN_Qa/kQQO/l{?QQgtY(’Y ) ()\(ab))\ ba) Zt H Cgﬁa?ogm : (31)



where Z,(it) is the partition function for string stretched between branes a and b, given by

d 1+d' 3—d’
Zap(it) = (87720/t)—2<1:[1Zé> Z5v (:s%) H ab 91 (3.2)

For supersymmetric configurations, however, this partition function is zero, and hence

we were required to calculate our correlator to find the behaviour in this limit. It is
straightforward to show that our calculation gives this behaviour: as ¢ — ¢, the functions
L* diverge logarithmically, and so we perform a poisson resummation over n'; - which
reduces the instanton sums to unity. Simple complex analysis gives

T" = /tq dzwi(z) — B(0"%,1 —6%) exp[—w@“t]% (3.3)

and we also require the identity [RF]:

2K TK
47TT2ab

3.4
LiLy (34)

sinmf" =
so that, for the N = 1 supersymmetric choice of angles we obtain (after Riemann summa-
tion):

, I
AS) (@,8) ~ (it — )12 22 i () (A IAC)) Lor(2mVal) G 6, (87t
b
(3.5)

The above is clearly singular in the limit k> — 0, where the integral over ¢ is dominated
by the behaviour at ¢ = it, since at ¢ = 0 the effective N = 4 SUSY of the gauge bosons
cancels the pole. Using the usual prescription for these integrals we obtain the exact result
for the amplitude, and find it is divergent:

/ dqAl™) (g, 1) = . (A<ab>A<ba>)M / an? (3.6)
0 A(a)\ DY) = 4(a )3/2 ClapCa UT oy Jo . .

This divergence is effectively due to RR-charge exchange between the branes, and so
we look to contributions from other diagrams (as given in (R.1J)) to cancel it. These consist
of other annulus diagrams where one end resides on a brane other than “a” or “b”, and
Mobius strip diagrams.

Fortunately we do not need to calculate the amplitude of these additional contributions
in their entirety; indeed we can obtain all that we need from knowledge of the partition
functions and the properties of our boundary changing operators, along with a straightfor-
ward conjecture about the behaviour of the amplitude. For an annulus diagram where one

LL 99

string end remains on a brane , while the other end contains the vertex operators and

thus is attached to brane “a” or “b”, we obtain two contributions: one from each limit.

From the OPEs of the boundary-changing operators, we expect to obtain

Aé‘zlg (x, t) — 2a/g(2]k2tr(*yc)tr()\(“b))\(ba))(x)72720"k‘2 <C(aba) Zoe + C(bab) Zbc> (3_7)

,10,



(aba) js understood to be the

where x now denotes ¢ or it —q in the appropriate limits, and C'
product of the OPE coefficients for each dimension. Considering the partition functions
(B-2) and the behaviour of the expression (B.5), then we propose that the effect of the
division by zero in the above is to cancel one factor of  with a factor of 6;(0). Hence, if

we write equation (B.6) as AON“L—{;“”, we thus obtain for the divergence,

(ab) Necloe Nelye

Note that c is allowed to be any brane in the theory, including images under reflection and
orbifold elements.

We must now also consider the contribution from Mobius strip diagrams, which, with
the same conjectured behaviour as above, give us

b QROF g % 9ot
MéfQ)R@k,l = 20/ g3k tr (AL (v e ) Vo ek ) a2

a,

(C(aba)M QROKIq T C(bab)Mb,QRéka> (3.9)

where M, qrek.i, denotes the Mobius diagram between brane a and its image under the
orientifold group QROFlq, supplemented by a twist insertion Ok to give a twist-invariant
amplitude, given by [R]

dll
2 -2
Ma,QR@’“a = _(87T O/t) HnLO6k’lLi(t’T2La LOGkJ)
=1

) 1+dll 3_gl L
0 0,(0,it + 3) 1 21 0, (20%it, it + 1) (3.10)
™\ (it + 5) n g0t + )

where 0% [[[] is zero for a orthogonal to the O6y, ;-plane in sub-torus x, and 1 otherwise; dll
is the number of sub-tori in which brane a lies on the O6y, ;-plane, and ank’l is the number
of times the plane wraps the torus with cycle length LLO%Z. Here 6% is the angle between
brane a and the O6y, ;-plane. We also define I 5,06,9,1 to be the total number of intersections
of brane a with the O6-planes of the class [O6 ] in sub-torus . For d! non-zero we have
zero modes:

83/t 120 TE st
Ll(t’TQL?LLO6kJ) = Zexp_TéLLOG |TL + alz |2 (311)
k,l

L L
rt,s

where p = 0 for untilted tori, and 1 for tilted tori. To obtain the divergence, the same
procedure as before can be applied once we have taken into account the relative scaling of
the modular parameter between the Md6bius and annulus diagrams. Since the divergence
occurs in the ultraviolet and is due to closed string exchange, to do this we transform to
the closed string channel: we simply replace ¢ by 1/l for the annulus, and 1/(4l) for the
Mobius strip. This results in an extra factor of 4 preceding the Mobius strip divergences
relative to those of the annulus diagrams, which are due to the charges of the O6-planes

— 11 —



being 4 times those of the D6-branes. We thus obtain the total divergence

1 e?

© 1
ab ba
./42 = 74(0/)3/2 GCab@batr()\( ))\( )) /0 dl{ L_ Z Nc-[ac -4 Z pQRék,ZIa,O&CJ
a c,c/ k,l

1
+ L_b Z Nelpe = 42 Par6k 6,06, } . (3.12)
o k,l

Note that the total divergence is of the same form as that found in gauge coupling
renormalisation. We recognise the terms in brackets as the standard expression for cancel-
lation of anomalies, derived from the RR-tapole cancellation conditions [J]:

M) | YN[l — 4 [Mpgea] | =0 (3.13)
c,c k,l

where [I1,] is the homology cycle of a etc; note that the phases pgpar: Will be the same
as the sign of the homology cycles of the orientifold planes. Hence, we have shown that
cancellation of RR-charges implies that in the limit that k2 — 0, the total two-point
amplitude is zero.

4. Running Yukawas up to the string scale

Having demonstrated the mechanism for cancellation of divergences in the two point func-
tion, we may now analyse its behaviour and expect to obtain finite results. As mentioned
earlier, by examining the amplitude at small, rather than zero, k?, we obtain the run-
ning of the coupling as appearing in four-point and higher diagrams where all Mandelstam
variables are not necessarily zero. Unfortunately, we are now faced with two problems:
we have only calculated the whole amplitude for one contribution; and an exact inte-
gration of the whole amplitude is not possible, due to the complexity of the expressions
and lack of poles. However, this does not prevent us from extracting the field-theory
behaviour and even the running near the string scale, but necessarily involves some ap-
proximations.

Focusing on our amplitude (R.1§), which in the field theory limit comprises the scalar
propagator with a self-coupling loop and a gauge-coupling loop, we wish to extract the
dependence of the entire amplitude upon the momentum. Schematically, according to
equation (R.9), we expect to obtain for Yukawa coupling Y, as k? — 0,

2
YR—Y0~A+B+‘Z—21nk2+A+O(k:2) (4.1)
Y8

where A represents the divergent term, the third term is the standard beta-function run-
ning, and the fourth term comprises all of the threshold corrections. This is the most
interesting term: as discussed in [RI]] it contains power-law running terms, but with our
complete expressions here we are able to see how the running is softened at the string scale.
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The term denoted B is a possible finite piece that is zero in supersymmetric configurations
but that might appear in non-supersymmetric ones: in the field theory it would be pro-
portional to the cutoff squared while in the (non-supersymmetric) string theory it would
be finite. This term would give rise to the hierarchy problem. Had we found such a term
in a supersymmetric model it would have been inconsistent with our expectations about
the tree-level Kahler potential - in principle, it could only appear if there were not total
cancellation among the divergent contributions.

The power-law running in the present case corresponds to both fermions and Higgs
fields being localised at intersections, but gauge fields having KK modes for the three
extra dimensions on the wrapped D6 branes [Rd]. For completeness we write the ex-
pression for KK modes on brane a with three different KK thresholds pg12 (one for
each complex dimension - note that in principle we have different values for each brane

_ G o A g Xs [\’ wi\'
_W<(ﬂ—ﬂ)1n%+527[<%1> _1]H<m—1>>+AS (4.2)

6=1 1<d

where {us} = {(L1) ™1 A| po < p1 < 2 < A}, and A is the string cutoff which should be
O(1) for our calculation. {Xs} = {2, 7,47 /3} is the correction factor for the sum, and Ag
is the string-level correction. 3 and B are the beta-coefficients for the standard logarithmic
running and power-law running respectively. Note that the above is found from an integral

—0/2-1 in each region; ¢’

over the schwinger parameter ¢ where the integrand varies as (t')
is equivalent to the string modular parameter ¢, modulo a (dimensionful) proportionality
constant.

To extract the above behaviour, while eliminating the divergent term, without calcu-
lating all the additional diagrams, we could impose a cutoff in our ¢ integral (as in [R1]);
however the physical meaning of such a cut-off is obscure in the present case, so we shall
not do that here. As in [PI], we shall make the assumption that the classical sums are
well approximated by those of the partition function for the gauge boson. However, we
then subtract a term from the factors preceding the classical sum, which reproduces the
pole term with no subleading behaviour in k?; since the region in ¢ where the Poisson
resummation is required is very small, this is a good way to regulate the pole that we
have in the integrand when we set k? to zero. To extract the A terms, we can set
k? to zero in the integrand: this is valid except for the logarithmic runr}ir;g down to
zero energy (i.e. large t), where the k? factors in the [zi—ggge_% “(Q))2] 2ok term reg-
ulate the remaining ¢t~ behaviour of the integrand when the t integral is performed.
This behaviour is then modified by powers of (872a’t/(L%)?)'/? multiplying the clas-
sical sums after each Poisson-resummation, as ¢ crosses each cutoff threshold, yielding
power-law running as expected; this was obtained in [R1], and so we shall not reproduce it
here.

For A=2 >t ~ 1, we have an intermediate stage where the KK modes are all excited,
but we have not yet excited the winding modes, represented by the sums over n';. As a
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Figure 3: A linear plot of the “running” Yukawa coupling in modular parameter ¢, lower graph.
The peak is very close to ¢t = 1, i.e. the string scale. The top graph is the standard power-law
behaviour continued. The middle graph is the field theory approximation using string improved
propagators as defined in the text.

first approximation, the integral, with our regulator term, is

2 [e%¢) t
(ab) @ k _ —7/2, —6;
Az(a) ¢ 8W(a/)2\/§GCabea/0 dt/o dAt o (it)

01(01iN)01 (0%iX)01 (0%N) | 01(0%it)01(0%it)0r (0%it) (1 1
< 01(iN) T 0 (it) <(t Y -7 In 75)) (4.3)

where we have used L*(i),it)T" (i), it) ~ it. If we had not set k2 to zero in the integrand,

the second term in brackets would be

—20/k?
20/ k? —1-20/k% | 1 —1
t—A .
! <( ) * 20/ k2t >

The above can then be integrated numerically to give

(ab) o k? >
“42(a) ~e WGCabéba /0 dtP(t) (4.4)
where P(t) is plotted in figure f]. It indicates how the threshold corrections are changing
with energy scale probed. The figure clearly demonstrates the softening of the running near
the string scale. Alas, we also find that the amplitude still diverges (negatively) as t — 0,
and so we conclude that the subtraction of the leading poles, rather than fully including
the remaining pieces (i.e. the other annulus diagrams and the M&bius strip diagrams), was
not enough to render a finite result. However we believe that the condition in eq. (B.13)
ensures cancellation of the remaining divergences as well.
Despite this, the procedure of naive pole cancellation still enhances our understanding
of the running up to the string scale, because the divergent pieces (depending as they do
on much heavier modes) rapidly die away as ¢ increases. This allows us to focus on the
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behaviour of the KK contribution. The quenching of UV divergent KK contributions is
well documented at tree-level but has not been discussed in detail at one-loop. At tree-level
the nett effect of the string theory is to introduce a physical Gaussian cut-off in the infinite
sum over modes. For example a tree level s-channel exchange of gauge fields is typically
proportional to 27, B

2
H/{ e—ﬁ“MnNa’

PV (4.5)

where 3% = (2¢(1) =1 (0%) —(1—6%)) and where M2 = 3", MZ2. is the mass-squared of the
KK mode. Note that the above is similar to results in [@, . The physical interpretation
of this expression is that the D-branes have finite thickness of order v/o/. Consequently they
are unable to excite modes with a shorter Compton wavelength than this which translates
into a cut-off on modes whose mass is greater than the string mass. This suggests the
possibility of “string improved propagators” for the field theory; for example scalars of
mass m would have propagators of the form

HR e*ﬁn(mn)2al

(4.6)

where m? = zn(m””)Q, and we are neglecting gauge invariance. To test this expression

we can follow through the field theory analysis in ref. [P] (which also neglects gauge
invariance): the power law running is modified:

1 s 1 ko
et e 2 an

For comparison this curve is also included in figure . Clearly it provides a better approx-
imation to the string theory up to near the string scale, justifying our propagators. (Of
course the usual logarithmic divergence in the field theory remains once the KK modes are
all quenched.) Also interesting is that this behaviour appears in our first approximation;
we expect it to appear due to T (iA,it) and L*(i),t) differing from the values we have
assumed, where we would also have to take into account the poisson resummation required
near A — t. We could thus attempt an improved approximation by modifying these quan-
tities: however, the integrals rapidly become compuationally intensive, and we shall not
pursue this further here.

5. Further amplitudes

Having discussed the one-loop scalar propagator and its derivation from N-point correla-
tors of boundary-changing operators, we may wish to consider calculating the full N-point
amplitudes themselves. The general procedure was outlined in [RI] where three-point func-
tions were considered. The complete procedure for general N-point functions is presented
in appendix [B, the main new result being equation (B.13).

Furthermore, we may also wish to calculate diagrams in which there are only chiral
matter fields in the loop; although we were able to use the OPEs to obtain the necessary
information pertaining to the divergences, we would need these diagrams to study the full
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running of the scalar propagator, for example. We have constructed a new procedure for
calculating them, and describe it in full in appendix [J; the crucial step is to modify the
basis of cut differentials.

In calculating the contribution to the scalar propagator from diagrams with no internal
gauge bosons, we find some intriguing behaviour. In the field theory, the diagrams which
correspond to these (other than the tadpole) involve two Yukawa vertices, and hence we
should expect the result to be proportional to products of Yukawa couplings; we expect
to find the angular factors and the instanton sum. We already see from the CFT analysis
that the divergences are not proportional to these which is perhaps not surprising. How-
ever when we calculate the finite piece of diagrams, although we do obtain the expected
instanton terms in the classical action it is not immediately obvious that we obtain the
Yukawa couplings here either. Yukawas attached to external legs will always appear by
factorisation thanks to the OPE, but this is not the case for internal Yukawas. Hence, it
seems likely that the field theory behaviour of composition of amplitudes is only approx-
imately exhibited at low energy, and near the string scale this breaks down. This will be
a source of flavour changing in models that at tree-level have flavour diagonal couplings.
Unfortunately it cannot solve the “rank 1”7 problem of the simplest constructions however,
because canonically normalizing the fields (i.e. making the Kahler metric flavour diagonal)
does not change the rank of the Yukawa couplings. We leave the full analysis of this to
future work.

6. Conclusions

We have presented the procedure for calculating N-point diagrams in intersecting brane
models at one-loop. We have shown that the cancellation of leading divergences in the
scalar propagator for self and gauge couplings for supersymmetric configurations is guar-
anteed by RR-tadpole cancellation. The one-loop correction to the propagator is consistent
with a canonical form of the Ké&hler potential in the field theory, or one of the no-scale
variety, where there are no divergences in the field theory; had there been a constant term
remaining, this would have corresponded to a divergence in the field-theory proportional
to the UV cut-off squared, which would have been consistent with alternative forms of the
Kahler potential. However, other than the expected corrections from power-law running,
we cannot make specific assertions for corrections to the Kéhler potential from the string
theory.

When we investigated the energy dependence of the scalar propagator (in the off-shell
extension, i.e. as relevant for the four-point and higher diagrams) we found that there
still remained divergences, which can only be cancelled by a full calculation of all the
diagrams in the theory. However information could be obtained about the intermediate
energy regime where KK modes are active and affecting the running. We find the tree
level behaviour whereby the string theory quenches the KK modes remains in the one-loop
diagrams, and we proposed a string improved propagator that can take account of this in
the field theory.
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We also developed the new technology necessary for calculating annulus diagrams
without internal gauge bosons, and mention some interesting new features. At present,
however, the technology for calculating the Mobius strip diagrams does not exist, and this
is left for future work.
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A. Boundary-changing operators

The technically most significant part of any calculation involving chiral fields stretched
between branes is the manipulation of the boundary-changing operators. They are primary
fields on the worldsheet CFT which represent the bosonic vacuum state in the construction
of vertex operators, so we require one for every stretched field. In factorisable setups such as
we consider in this paper we require one for every compact dimension where there is a non-
trivial intersection - so we will require three for each vertex operator in N=1 supersymetric
models.

In previous papers (e.g. [[3, [[3]) the boundary-changing operator for an angle # has
been denoted oy, in analogy with closed-string twist-field calculations. It has conformal
weight hg = 260(1 — 6), and we can thus write the OPE of two such fields as

O'V(Zl)U)\(ZQ) ~ Z Cllf)\O'k(ZQ)(ZQ — Zl)hk_h”_h’\ . (Al)

k
Moreover, the “twists” are additive, so k = v+ AXforv+ A < 1l,or k=v+AX—1 for
v+ A > 1. However, they also carry on the worldsheet labels according to the boundaries
that they connect; for a change from brane a to b we should write O’éab). We then have

non-zero OPEs only when the operators share a boundary, so that we modify the above to

oy (21)oy" (22) ~ SO Ao (22) (22 — ) eI (A.2)

We also find that new fields appear, representing strings stretched between parallel
branes; the OPE coefficients and weights can all be found by analysing tree-level correlators.
In order to normalise the fields and thus the OPEs we must compare the string diagrams
to the low-energy field theory, specifically the Dirac-Born-Infeld action for the I1A theory:

Sg = —T¢ / d7¢e~?tr\/— det(G + B + 2w/ F) (A.3)

where GG and B are pull-backs of the metric and antisymmetric tensor to the brane world-
volume, F is the gauge field strength, and e® is the closed string coupling. If we consider
gauge excitations only on the non-compact dimensions, the effective field theory has gauge

kinetic function [[[7, [L3:

72_—<I>i Lg A4
9pe = € 27‘(1—[ (A.4)
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where we have the volume of brane a equal to L, = Hi:l L%, If we now consider two, three
and four-point gauge-boson amplitudes (for non-abelian gauge group) in the 4d effective
theory, they must all have the same coupling; this is only possible if the gauge kinetic

function is associated to the normalisation of the disc diagram, and not the fields, implying

(@) g, 2 (N = g,° (A.5)

where g, is the open string coupling. Clearly the gauge bosons must be canonically nor-
malised by a factor of g, ! to match the field theory, where the coupling is also absorbed
into the fields. Note that the above can also be obtained by a boundary state analysis
without recourse to the low energy supergravity [B2, B].

We now consider the two-point function for boundary-changing operators; we require

al aba)0
(0820t ) = Gy, = Cs ) (L) (A.6)

where G, &, is the Kéhler metric of the chiral multiplets (7). This allows us to determine
the OPE coefficients; however, for convenience we shall combine them (for now) with the
string coupling since that is how they shall always appear:

aba)0 _
(o) QHCMM = (o) g2Ce,c,, - (A7)

To obtain further correlators we must now consider four-point tree diagrams. First we con-
sider Agpee = gi{o? (zl)all"luy(zQ)a%“c)\(zg)aA (24)) Dy, which was calculated for a particular
limit in [I3, [, but for the general case in [[§] (note that the product over dimensions is
implied). The result was

Atree = C H 212 V” zhwlm( ) 1/2 (1 . x)_yrg\n

3 exp [_ B

4o/ T+7
n1,n2

where vo1(n1) = Lgl’” + ni1 Ly and vsa(ng) = LSQ’” + naL¥, depend on the configuration;
Lgl’” is the distance between the intersections 1 and 2 etc; = (212234/213224) is the only
actually independent coordinate; and the various hypergeometric functions are given by:

— ) WA+ N1 — )
—2) = F(1-v" 1=\ 2—-v"=\"1—12x)
T(x) = F(v",\",1,x)
)= F(1—v®1 =X 1,2) = (1 —2)" LK (2)
) mB1l=v,1=-X)F(1-2) B(l-v,1-X\)FK(1-x)

Koy — 1—vr—
(@) =1 -2) B(vs,1—vr)  Ki(z)  Bwr,1-vr)  Ks(x)
oy = BUAX) F(—a)
B(vc,1—v*) Ki(x)
I"(z) = (1 —2)"" "M BWr, 1 — v K& a) K5 (x) (77 + 7). (A.9)
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The manifestly-SL(2,C)-invariant form of the above is obtained by premultiplying the
amplitude by (z4)?" and taking {z1, 22, 23, 24} — {0, z,1,00}. To link the above expression
with that in [[J], we must put d = v§,, df = df + Bva, where

sinm(1 —v" — \¥)

sin wAF

B =1 — 1 = (A.10)
In the limit considered there, they set d5 = d57/7’. However, we continue with the above
expression, and first normalise it by considering the limit x — 0, i.e. z0 — 21, 24 — 23.

This gives
— aaH a”a Qa GH GHC(I
Atree(x — 0) ~ () 1gg<0(() )( ( ) I | Cl(/“bl O An)m (A.11)

where we now have stretch fields for strings stretched between parallel branes. In the
effective field theory, these are highly massive for large separation, and thus non-supersym-
metric; we normalise them for consitency with the case all = a to give (1)4, in which case

we obtain

Atree(x - 0) ~ (al)72ngCabébaGCacC’ca (A12)

Applying this to our expression, in this limit 7% — 7 — =“2™=Ingz, and so we the

instanton sum over ny vanishes - requiring us to poisson resum as in [[[3, giving

H —2hx —zhw\/27T xifrl (A.13)

Apree(r — 0) ~ C(d) I

where y” is the perpendicular distance between branes a and al in sub-torus x; the zero-

mode of v3y is irrelevant. This gives us two pieces of information: first, we obtain the

normalisation

e®

C=g Gy ha G, (212 (A.14)

(almost) in agreement with the similar case considered by [[[3. Secondly, we obtain the
aa” h:‘@ — (YH)

conformal weight of the operators o T rr
aa TeQ

Now we must determine the more general coefficients by taking the limit z3 — 23, or

equivalently z — 1. In this case 7% — 0, 7/ — (3, and we obtain

3
K)\K A
Apeelr 1) ~ ()2 [T (1~ ) 27" 3 exep - AL 12) (A.15)
k=1 ni,no
where
T(1—v")L(1=XT (" +21%) 1/2
yr < TR )L (I—v~—AF) S R |

(A.16)

1/2
D)D) (2— 1k —\F . .
<F(1(Vﬂgrgl))\’i()F(yK“r)\ﬁ)l)) 1% —|— )\ > 1
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and A"(nf,n%) is the sum of the areas of the two possible Yukawa triangles formed by the
intersection of the three branes wrapping in both directions, given by

((U§2)2 + (v, 87 + U§2)2)

((d)*(n) + (d5)*(n5)) (A17)

1 sinwv”sinwAF
2sin7(1 — % — \F)
1 sinmfsinwA”
" 2sinw(1 — vk — \F)

A%(nf,n5) =

(and a similar expression for A" 4+ v* > 1). With this expression, it becomes immediately

clear how we can obtain the OPE coeflicients:

H K__\R H K KK
Apree(w = 1) ~ (o) g, (1) HC o el W TR

(A.18)
and thus we infer

K K ~ 1/2
@/2 (cab)v X CpcCop - =
H Clm Y = (27 GG, 6, G

H(\/_Y“ 1/QZ:exp 27(:5) (A.19)

where now A”(m”) is the area of the triangle bac, while the conjugate coefficient will have
the area of balc (zero if all = a). This concludes the determination of all the relevant OPE
coefficients in the theory. For use in the text, we define

3
Y(cab) =g, H C(cab)(GCbCC'cb)l/Q (A‘QO)

k=1

and Ybal'c analagously; they represent the physical yukawa couplings.

B. One-loop amplitudes with gauge bosons

B.1 Classical part

The prescription of [B3] applies to the evaluation of the classical part of boundary-changing
operators, by the analogy with twist operators, after we have applied the doubling trick
— the net result being that we must halve the action that we obtain. Since it is the only
consistent arrangement for two and three point diagrams, and the most interesting for four-
point and above, we shall specialise to all operators lying on the imaginary axis, where the
domain of the torus (doubled annulus) is [-1/2,1/2] x [0, ét]; this provides simplifications
in the calculation while providing the most interesting result. In the case of all operators
on the other end of the string, we would simply define the doubling differently to obtain
the same result, and since the amplitude only depends on differences between positions the
quantum formulae given would be correct.

For L operators inserted, we must have M = 25:1 f; integer to have a non-zero
amplitude; for vertices chosen to lie on the interior of a polygon we will have M = L — 2,
whic h shall be the case for the three and four point amplitudes we consider — in the case
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of a two-point amplitude we must have M = 1. Labelling the vertices in order, we denote
the first L — M vertices {2}, and the remaining M vertices {23}, we then have a basis of
L — M functions for 0X(z) given by

L—M L
W=0(z—2-Y) ] 6G—z)]][0(z—2)""" (B.1)
je{a}#a k=1
where
L—-M L
Y = — Z 0; z; + Z (1 — Hj)Zj (B.Q)
i=1 j=L—M+1

and the basis of M functions for 9X (2)
L L
W =01(z—25+Y) H 01(z — zj) H 01(z — 2z) % (B.3)
Je{B}#p k=1

We are then required to choose a basis of closed loops on the surface. There are two cycles
associated with the surface which we shall label A and B, and define as follows:

—-1/2
}{ / dz
YA —1/2
1/2
}{ dz / dz (B.4)
.

B —-1/2

dz

The remaining integrals involve the boundary operators, and we define (not-closed) loops

C; by
Zit1
/ dz:/ dz (B.5)
C; 2

Note that we have defined in total L —1 C-loops, and they are actually linearly dependent,
since we can deform a contour around all of the operators to the boundary to give zero
- we only require L — 2. These could then be formed into (closed) pochhamer loops by
multiplication by a phase factor, but it actually turns out that this is not necessary. We
form the above into a set {v,} = {v4,v8} U {C;,i = 1,...,L — 2}, and define the L x L
matrix W} by

WP = / dzo’(z) (B.6)

The boundary operators induce branch cuts on the worldsheet, which we have a certain
amount of freedom in arranging. We shall choose the prescription that the cuts run in a
daisy-chain between the operators, with phases exp(ia;) when passing through the cut
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anticlockwise with respect to z; defined as follows:

a1 = 27‘(’01
aj_1 = —27T(9L

27‘(‘92‘ = O — ;1
o = 27‘(‘29]‘ (B?)
j=1

noting that «; is only defined modulo 27w. Each path ~, is associated with a physical
displacement v, (which shall be determined later); i.e

Ay, X =g (B.8)
and, since we can write X and X as linear combinations of w® and w? respectively, we
obtain

1 = —1\a (yr7—1\b i g —1\a /1r7—1\b §ro
S = 471-04’%%{(”/ )N(W )]/ (w , W ) + (W )i//(W )j// ((,() , W )} (Bg)

where the sum over primed indeces is understood to be over {«}, and over double-primed
indeces to be over {3}, and for reference we have used the complexification X = %(X 1+
iX2). The inner product is defined to be

(W W) = /dQZwi (2)&7 (2) = iW W] M (B.10)

and similarly

i 2 1 11 11 =i 11—
(W w) = /d22<.uZ ()@’ (2) =W, W} M (B.11)

- Ard!
and thus M® = —M%. Asin B3] we have MAB = —MBA = 1, but, after performing the
canonical dissection on the torus for our arrangement of branch cuts and basis loops we

determine:
M = ﬁeim sin (O‘LQI_O”> sin 42 m <1
= (B.12)
M = Sm(glLQ_l) sin <QL_12 am) sin %z~
Inserted into the expression for the action, this gives S = ﬁ'a,va@bSab, where
s = (WYt Wi Med (Wb Wi (B.13)

At this point we determine the displacements. Clearly, since the boundary Re(z) =
—1/2 contains no boundary-changing operators, along v4 the string end is fixed to one
brane, which we shall label a. Thus, v4 represents the one-cycles of brane a, and is equal
to %n AL, where Ly is the length of @ and the factor of 1/4/2 is due to the complexification
we chose. Now, the technique that we are using requires there to be a path around the
boundary of the worldsheet where we do not cross any branch cuts: if the string has one
end fixed on brane a along path v4, the other end (at z = 0) must either reside on brane a

or a brane parallel to it, which we shall denote all. Path v5 is related to the displacement
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between these branes. Consider the doubling used, for coordinates aligned along brane a:

0X(z) R(z)>0

0X(z) = { _9X(—2) R(z) <0 (B.14)

and a similar relationship for —9X(—w) and dX. Note that we have A,, X = A, X, in

keeping with our identification of v4. We have
AV :/ dz@X—l—/ dz0X (z)
B B

1/2 B
= /0 dan(x) - aX(x)
= iV2(X2(a) — Xa(al))

AT
i3 <nBL7T 2+y> (B.15)
a

where y is the smallest distance between a and al and T5 is the Kihler modulus of the
torus, defined earlier. This resolves an ambiguity in [PI]. The remaining paths have
straightforward identifications, since they are essentially like the tree-level case; they are the
displacements between physical vertices. We must identify each portion of the Re(z) = 0
boundary with a brane segment between intersections; so for the case

a” a”c ca
(0 (21)0 ") (22)0 P (23)0 ™ (24)) aa (B.16)

we have v; = %(nlLb + L12) and vy = %(ngLaH + Lo3). If we were to use Pochamer loops
for these, we would multiply these by Pochamer factors - but these would be cancelled in
the action by those associated with the loops on the worldsheet.

Note that although we are free to choose the arrangement of branch cuts on the world-
sheet, we have no freedom in identifying the displacement vectors, and thus the daisy-chain
prescription is the simplest, particularly since we are restricted in the permutations of the
boundary-changing operators - we must ensure that each change of brane has the correct
operator to mediate it.

B.2 Quantum part

The quantum part of the correlator is given in terms of the variables defined in the previous

section as
L L—-M L
<Haen<zn>> = W20, 2 I] uzi—z) I 6iz—2)
n=1 i<j L—M<i<j
L
[T 01(z — 2) =00~ =000=0) (B.17)

1<j
where |W*| is the determinant of the matrix of integrals of cut differentials. Note that this

expression does not depend upon the brane labels of the boundary-changing operators, as
it is not sensitive to the particular boundary conditions.
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The correlators for the fermionic component of the vertex operators do not receive
worldsheet instanton corrections, so they are given by the relatively simple formula pre-

sented in [R]:

L
<H eiQiH(Zi)> Z Gizi H 0 (= ;)i (B.18)
i=1

1<J
the above is a generalisation of the formulae for standard spin-operator correlators (see
e.g. [d]) and is thus also valid for the 4d spin correlators.

B.3 4d bosonic correlators

Beginning with the Green’s function for the annulus, obtained via the method of images
on the torus:

/

Gz,w) = —%mwl(z —w)? -

mic!

(S(z = w))*

— S0z + @) - (S +)* (B.19)

and specialising to all points at boundaries (i.e. Z= —z or 1 — z), we obtain the amplitude
on the annulus

M 20’k -k,
A% = <H eiki'X(zi)> CXH [ — zj)e7 Ol Zﬂ)ﬂ
=1 1<j
. 20 k;-kj
_ ZXH[ Za T”(%(zi—zm]
= zx [ > (B.20)
i<j
where
7% = (8n%a’t) 2n(it) 2 (B.21)

is the partition function for the non-compact bosons with the bc-ghost contribution in-
cluded. We then use the green’s function to obtain

4
<8Xu3 aXu4 Hezk X (z:) > _ <H eikm-X(zm)>
m=1

4 4
{277“”626wG(z, w) +43 Y EUE0.G (2, 21) 00 G(w, zj)} (B.22)

i=1 j=1

which is required for 4-point functions.

C. One-loop amplitudes without gauge bosons

C.1 Classical part
C.1.1 Cut differentials

The cut differentials for diagrams on the doubled annulus where there exists no periodic
cycle necessarily have modified boundary conditions. Where the diagram with no boundary
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changing operators is the partition function of strings streched between branes a and b with

angle w0y, the conditions for the one form 90X (w) are
0X (w +it) = 0X (w)
OX (w+ 1) = 2™ g X (w) (C.1)
while
0X (w +it) = 0X (w)
OX (w+1) = e 2§ X (w) (C.2)

while the local monodromies remain the same as for the periodic case. Indeed, we can
retain many of the elements of those differentials, including

L
vx(2) = [T01(z = z)" "
=1

L
vx(2) = [[0r(z —2) " (C.3)
=1

These satisfy the local monodromies; to construct a complete set of differentials satisfying
the global monodromy conditions, we note the identities:

’ 1/12/42_ ' (z+m7;7) = exp(—2mim/2) exp(—mim*t — 2mimz)0 1/12/; @ (z;7)

which show that we only need to modify one theta function from the periodic case; we have
also
c+a

0
b

(z+ar;7) (C.5)

(2;7) = exp[2mia(z + ¢) + a’miT]f [Z

which is crucial for showing the equivalence between the approach that we are about to
use, and the method of obtaining these amplitudes by factorising higher-order amplitudes
calculated by the previous method. Denoting the theta-function

1/2 + 6,

a7 (C6)

Orap(z,7) =0

we construct the set of L — M differentials for 0X (z), similar to before

L—M
wlap(2) = 1x(2)01ab(2 — 20 = Y) H 01(z — 2) (C.7)
je{la}#a

where Y is as defined before; and we have the set of M differentials for X

L
W (2) = x(0-w(z =25 +Y) [] 01(z—2) (C8)
JE{BY£8
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We demonstrate that these are complete sets in the same way as in [BJ]: first, note that the
function are independent, since w®(zj£o) = 0. Then suppose we had another differential
w'(z); we construct the doubly-periodic meromorphic function A(z)

W'(2) I i

T wlz)

2)
2)

A(z) Ci (C.9)

N (
= i
At z = z; or z € {23}, the above is not singular, while we can adjust the L — M constants
C; to cancel the residues of the poles at z = z;21 and 21 +Y — 04it. Thus, since A has
no poles, and it is doubly periodic on the torus, it is a constant(the last point contains
the only subtlety with respect to the earlier case; even though the differentials w® are not
periodic on the torus, because they only acquire a phase, the differential A is periodic).
Hence, since C just multiplies a constant, we can adjust it to set A to zero. The same
follows for w?.

Note that if we want to use the same theta-functions throughout, we could choose a

basis obtained by factorising the functions used earlier. In this case, we obtain

L—M
W (z) = €™ la 2z ()0) (2 — 2 — Y + 0it)  [[ 61(z—2)  (C.10)
je{a}#a

and

L
w[[—glab(z) = e mi(1=i00b =2mi00r2 o (1), (2 — 25+ Y — Oit) H 01(z —z;) (C.11)
je{BY#0

The relation between the bases is given simply by
w(}r/ab(z) _ ewt(ﬁab-f-ﬁgb)627ri0ab(za+Y)w(Jxrab(Z)
wé/ab(z) — efﬂ't(eab+92b)6727ri9ab(257Y)w€ab(Z) (012)

The choice of basis is not important for the following section, and the amplitude will
of course be independent of the basis choice.

C.1.2 Canonical disection

With our basis of cut differentials for the doubled annulus we require their hermitian inner
product to calculate the action. This is given by

z
(W, W) = / d?zoiwt = 17{ (Dj(Z)dZ/ dzw? (C.13)

R OR 20
This is the canonical dissection of the surface, where the contour passes anticlockwise
around the surface without crossing any branch cuts. The task is then to choose the most
convenient arrangement of cuts, and express the above in terms of integrals of paths on the
surface corresponding to physical displacements. Since we consider operators only on one
boundary, we arrange them to be on the imaginary axis; since we always have one vertex
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fixed, we choose this to be z;, and place it at the origin. The integrals between vertices are

then defined by

[ Zn41

where $(z,) > (zp+1). We also have the loops
—1 ~1/2
/A B /—1+it ot
0
=1

a1 = 2w, + 270y

and the phases

aj_1 = —27TOL + 27'“9ab

27‘1’9@' = 0 — O

i
o = 27 Z 0; + 2704
j=1

/ /it
YD z1

ap = —2m0y

we also label the additional cycle vyp:

which we eliminate, along with C}, via the equations

L-1

Ww+Ci+Y Cn=—a

n=2
L—-1

eiaD'YD + eioqcl + Zeiozncn = —v4

n=2

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

Hence we have chosen our set of paths to be {v4,vp}U{Cs..Cr_1}. With these definitions,

. . . . . i -/
we now perform the canonical dissection, and defining our matrices as before W) = [ Q'

etc, the inner product is of the form
(W) = W W M

and the results are

MAB =1
in &L qin &b
AN 2ism 5 sin =
sin 41
—iQ
. e " . ap — 01 . Gp
MA™ = 2 == sm< — >sm7
sin
2
21 Cam—an . oy —ap \ . Q
M™ = — — 7" tgin [ ——= ) sin | —
Sm(%) 9
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where m > n in the last line, L — 1 > n,m > 2 and the elements reflected in the diagonal
can be obtained from the above using M = — M. We see that we can obtain appropriate
expressions for the previous case simply by taking 8,, = 0, in which case the formulae are
greatly simplified, with the AA and An-elements vanishing. The above expression then
yields the classical action by equation (B.9).

C.2 Quantum part

As for the classical part, the quantum part of the bosonic correlator for these diagrams may
be determined in two ways; factorisation of a diagram with a larger number of operators in-
serted, or by calculating new green’s functions and proceeding by the stress-tensor method.
However, unlike for the classical part, it is straightforward to perform the factorisation.

To obtain the quantum amplitude for L boundary-changing operators with angles {6;}
and overall periodicity 0,3, we start with an amplitude with L + 1 operators with angles
{0ap,0;,0r, — 04} which we assign to vertices at {zo,z;,0}. The above choice of angles
ensures that in both sets of equations M is the same, and we have

Yri1=Yr — Oypit. (C.21)
The full quantum correlator is
L—M L
Zgu = LW [0 (Vi) B2 [T 01z — 2" I iz —2)"?
0<i<j L—M<i<j

L
[T b1(e - zp)780-0s200 - (C.a)

0<i<j

where f(it) is the normalisation. We then note that in the limit zg — it, all except two of
the integrals in the matrix Wy are finite. Indeed, only w’(z) develops a singularity, and
only the integrals of it over the cycles v and Cjy become infinite (note that we are using
the set of curves {v4,7vp,Co..Cr—1}). The determinant becomes in the limit

(Wri1| = (Wr)§IWe| = (Wri1) 5| Wy (C.23)

where |W; | is the determinant with the yp cycles and w® integrals deleted: we then note
that the rows are not linearly independent due to the identities (IC.18)), and it is therefore
zero. We must finally evaluate (Wg41)9.

(Wrs1)h ~ —ilit — 20)"2 P B(1 = 01, 01, — Ogp)e™ 1~ Car=D] (0)72 2

L—M L—1
01(—=Yii1) [ 6ulit —=z)% [ 6u(it —z)% " (C.29)
i=1 j=L—M+1

which, when we consider that the amplitude should factorise according to

o (20)a5 g, (0) ~ (it — z9) Pt 0Pl 509 (0) (C.25)

ab 01,04 L—0ab,0qb 0L
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we find that the quantum portion of the amplitude is

L—M
Zézb) = g(it)‘Wi’fl/QGQWipel (YL — Habit)(L’QW H 01(z; — Zj)1/2
0<i<j
L L
T 6:zi—2)"2 I 6utai - 2) TR0 201 (1 26)
L—M<i<j 0<i<j

where now W, contains integrals of the primed basis of cut differentials, and

1 L—M L
P:Y—{—§ Z 2 — A Z zZi |- (C27)
i=1 j=L—M+1

Now we find that the “natural” basis for these functions is that which we defined in
equations ([C.7) and ([C.§); in this basis, using the relations ([C.19) we find the amplitude
to be

L—M
Z5 = g(@)|Wr |20 (Yp) 22 T 6u(zi — 2y)'
0<i<j
L L
H (91(22 - Zj)1/2 H 01(2:Z — Zj)7%[179¢79j+29¢€j] . (C.QS)

L—M<i<j 0<i<j

The above can also be obtained by repeating the analysis of [B3]; most of the steps
are the same, since the quantum amplitude does not depend upon the exact form of the
greens’ functions, only certain constraints upon them, which remain the same for these
amplitudes.

C.3 Fermionic correlators

The fermionic correlators for these amplitudes are easily obtained by simply factorising

equation (B.1§); we obtain

L L
<H ei(Gi_1/2)H(Zi)>y,€ab — eQﬂi(gab—l/z)PHV(it(eab _ 1/2) + Z qzzl)
i=1 i=1

H@l(zi - Zj)((’iflﬂ)(@j*l/?) (C.29)
1<j

D. Theta identities

Throughout we use the standard notation for the Jacobi Theta functions:

n=—oo

0 [Z] (z;7) = Z exp [m(n + a)%*7 + 27i(n + a)(z + b) (D.1)
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and define 6,3 = 0

a2

B/2

] , so that we have the periodicity relations

a
0
;

a
0

;

(z 4+ m;7) = exp(2miam)l [Z] (z;7) (D.2)

(z 4+ m7;7) = exp(—2mibm) exp(—mim?t — 2mwimz)6 [Z] (z;7).

We also define, according to the usual conventions,

91 = 911 92 = 910
(93 = 000 (94 = 001 . (D.?))
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